Abstract. In this paper, we shall study estimates for the coefficients an, n " 1, 2 of a class of univalent harmonic mappings defined on the exterior of the unit diskŨ " tz : |z| ą 1u, which keep infinity fixed. For this purpose, we apply Faber polynomials and an inequality of the Grunsky type.
Introduction
In [1] , Hengartner and Schober introduced the class Σ H of all complexvalued, harmonic, orientation preserving, univalent mappings f defined oñ U " tz : |z| ą 1u, which are normalized at infinity by f p8q " 8. Such functions admit the representation (1) f pzq " hpzq`gpzq`A log |z|,
where A P C and (2) hpzq " αz`8 ÿ n"0 a n z´n, gpzq " βz`8 ÿ n"1 b n z´n are analytic inŨ, 0 ≤ |β| ă |α|, and a " f z {f z is analytic and satisfies |apzq| ă 1 for z PŨ.
Since the affine transformation pαf´βf´αa 0`β a 0 q{p|α| 2´| β| 2 q is again in the class, we may let α " 1, β " 0, and a 0 " 0 in (2). Therefore, let Σ 1 H be the set of all harmonic, orientation preserving, univalent mappings f given by (1), where (3) hpzq " z`8 ÿ n"1 a n z´n, gpzq "
b n z´n are analytic inŨ. We further consider a special case Σ " H " tf P Σ (
H has the representation (1) and it satisfies (3) then
Furthermore, they also proved the distortion theorem, which we shall use in this paper.
H then |f pzq| ≤ 4p1`|z|q 2 {|z| for all z PŨ. Moreover, f pŨq contains the set tw : |w| ą 16u, and |c| ≤ 16.
Their work gave rise to several fascinating problems and conjectures. Though several researchers solved some of these problems and conjectures, yet many questions are still unanswered and need to be investigated. One of these is the problem of finding best possible bounds for modulus of the coefficients of function f P Σ H .
In this note, we give some estimates of the coefficients a n , n " 1, 2 when
H . The bounds are not best possible, but so far nothing is known about the behavior of the coefficients of the analytic part h.
Main results
We shall first recall some facts concerning the so called Faber polynomials. Given a function valid for all ξ in some neighborhood od 8. F n pwq is a monic polynomial of degree n, called the nth Faber polynomial of the function g.
Comparing the coefficients of like powers of ξ on both sides of (5), we obtain F 0 pwq " 1, F 1 pwq " After additional assumption |gpzq| ą 1, we can transform the function gpzq P Σ to
¨¨¨. Then h P Σ, and a calculation gives
Putting gpξq " hpξq in (5), we get F 0 pwq " 1, F 1 pwq "
, F 2 pwq " q. Now observe that since g is univalent, the function
is analytic for |z| ą 1 and |ξ| ą 1. In view of (5), the relation (7) gives
Thus the Faber polynomials satisfy
The coefficients β nk are known as the Grunsky coefficients of g. The property (8) characterizes the nth Faber polynomial of g among all polynomials of degree n. Let us put
Singh in [4] showed that if w " gpzq mapsŨ conformally onto a domain Ω contained in |w| ą 1 and λ 1 , . . . , λ N are arbitrary complex numbers then N " 1, 2, . . . . Now, we use (10) to prove the following theorem. Theorem 1. Let g belong to the class Σ of univalent functions of the form (4) and satisfying |gpzq| ą 1, z PŨ. Then the following inequalities hold:
c 2¯, for c ą 4. Proof. Singh in [4] considered the class of regular analytic functions in |z| ă 1 having the power series expansion f pzq " b 1 z`b 2 z 2`¨¨¨, b 1 ą 0, which are bounded so that |f pzq| ă 1 for |z| ă 1. He showed that
Similar inequality for the coefficient b 2 was earlier proved by Pick [3] . This inequality is sharp, equality is attained for the function f given by Let us apply the inequality (10) to the function hpzq given by (6). On taking N " 3 in (10) and setting λ 1 " λ 2 " 0, we have |β 33 | ≤ 1´δ 33 . Using once again equalities (8), (9) It remains to find the maximal value of the right hand of above inequality. Maximinizing the function wptq "
